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SUMMARY

A literature review has shown that there exist adequate techniques to obtain ground reaction curves for
tunnels excavated in elastic-brittle and perfectly plastic materials. However, for strain-softening materials it
seems that the problem has not been sufficiently analysed. In this paper, a one-dimensional numerical
solution to obtain the ground reaction curve (GRC) for circular tunnels excavated in strain-softening
materials is presented.

The problem is formulated in a very general form and leads to a system of ordinary differential
equations. By adequately defining a fictitious ‘time’ variable and re-scaling some variables the problem is
converted into an initial value one, which can be solved numerically by a Runge—Kutta—Fehlberg method.
which is implemented in MATLAB environment.

The method has been developed for various common particular behaviour models including Tresca,
Mohr—-Coulomb and Hoek-Brown failure criteria, in all cases with non-associative flow rules and two-
segment piecewise linear functions related to a principal strain-dependent plastic parameter to model the
transition between peak and residual failure criteria.

Some particular examples for the different failure criteria have been run, which agree well with closed-
form solutions—if existing—or with FDM-based code results. Parametric studies and specific charts are
created to highlight the influence of different parameters.

The proposed methodology intends to be a wider and general numerical basis where standard and
newly featured behaviour modes focusing on obtaining GRC for tunnels excavated in strain-softening
materials can be implemented. This way of solving such problems has proved to be more efficient
and less time consuming than using FEM- or FDM-based numerical 2D codes. Copyright © 2003 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

The analysis of circular tunnels excavated in elasto-plastic continua under hydrostatic stress
fields has been one of the main sources of knowledge and insight as far as ground support
principles are concerned. The response of such excavations can be pinpointed in a single curve
relating the wall convergence to the internal pressure, which in turn can be related to the
distance to the face. This curve is usually known as ground reaction curve. This kind of analysis
also permits associating the convergence on the wall to the formation of a plastic aureole around
a tunnel of radius R under a hydrostatic field stress of magnitude ¢° [1-4]. This simple analysis is
often used as a point of departure in studying the mechanics of deformation around
underground excavations [5].

The basic elements of this concept are illustrated in Figure 1, which shows how the
convergence and the extent of the plastic zone can be related to the internal or equivalent pressure
pi, also referred to as support pressure. In tunnels without support, the excavation process is
simulated diminishing the value of this pressure from the far field ¢° value to null. For
unsupported tunnels there is no failure if the hoop stress in the tunnel wall is smaller than the
unconfined compressive stress of the rock mass. When the internal pressure attains a critical
value, p¥, a failure zone of radius R,, develops around the tunnel, in such a way that this radius
increases as far as the internal pressure decreases [2, 3, 6,7]. However, the so-called yield does
not necessarily mean the collapse of the excavation, since the failed rock mass can still possess
considerable strength. If the extent of the plastic zone is small in relation to the tunnel size, the
only evidence of failure is the occurrence of spalling and/or slabbing locally. But if a larger
yielded zone occurs, important displacements towards the tunnel take place and the collapse of
the unsupported tunnel is probable.

This technique has proved to be very useful since it can help in the support and/or
reinforcement design. This design should take into account the interaction between rock mass
and engineered materials used as support or reinforcement. The art of tunnel design is that of
finding the right support and/or reinforcement and the right moment to install them. If this is
correctly done, uncontrolled displacements of the rock mass or over-stressing on the support
system may result in tunnel collapse.

Failure zone radius

Pi A 4
Ground
0_0 reaction curve Y- R,
Support line
*
Pj oK R
Tunnel equilibrium point

Pur

Figure 1. Ground response curve, support characteristic line and failure zone radius.
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The stiffness and the distance to the face when installing support and reinforcement are key
aspects in displacement control, and in the interacting between rock mass and support. This
interaction can be analysed by means of the ground response curve of the rock mass and the
suppoit characteristic line. Certainly, the intersection of these two curves (Figure 1) gives the so-
called tunnel equilibrium point, where the final displacement of the supported tunnel and the
pressure of support can be obtained from a theoretical analysis by projecting this point on
the two axes of the GRC. In practice, support stiffness is not usually a constant, and very often
the support reaction relationship is non-linear. Also it is not easy to appropriately introduce the
behaviour of reinforcement within this technique.

Some weak points of this technique are the following. First, the actual stress path followed by
the points around the tunnel is not correctly represented due to the 3D effect [8]. Then. the
actual variability of the material behaviour parameters is usually so significant, that results
always involve a high degree of uncertainty [9]. Nevertheless, this technique is still having great
practical value in engineering, as a method contributing to tunnel design [10].

In order to obtain a realistic ground response curve for a tunnel it is important to start from a
precise knowledge of the ground behaviour and their parameters. According to its post-failure
behaviour, elasto-plastic materials can be divided into: (i) perfectly brittle, (ii) perfectly plastic
or ductile, (iii) strain-softening and (iv) strain-hardening materials. Based on a wide experience
in the field of underground rock engineering, Hoek and Brown [11] suggest that average quality
rock masses behave in a strain-softening mode, whereas soft rock masses behave in a ductile way
and hard rock masses in an elastic-brittle fashion. Even if some researchers [12-14] concluded
that strain-softening is not a true intrinsic material property of the rock mass, it has been widely
observed [15-17] that beyond the peak strength rock materials experience damage due to micro-
cracking and faulting, leading to a strain-softening response.

Most of the existing solutions concerning the calculation of the ground reaction curve for
tunnels involve perfectly plastic [3,4. 7, 10, 18] or perfectly brittle [3, 10, 19-21] behaviour. There
are also some solutions concerning strain-softening behaviour [3, 10, 22,23] but they are used to
cover restricted cases, for instance, Tresca failure criterion, or they make simplifications in such
a way that solutions are not enough rigorous [21].

After a literature review, a set of the most common solutions are presented in Table I,
together with the most relevant topics of their formulation, which include rock mass behaviour
model, failure criterion, flow rule type and particular features. A similar but older table of this
type can be consulted in Reference [22]. This table shows that only a few authors have
contemplated the obtaining of GRC for strain softening materials. As far as this review’s results
indicate only Carranza-Torres [10] and Panet [3] solve the problem for particular cases of strain-
softening behaviour and Mohr—Coulomb failure criterion. Whereas Brown et /. [22] solve it for
strain-softening Hoek-Brown failure criterion and associated flow rule. Finally, Gumusoglu
et al. [24] solve the problem by means of an FEM-based code for a particular case of Hoek—
Brown failure criterion including non-associated flow rule. Even if the solution presented by
Brown er al. [22] still possesses much rock engineering practical value, it is not strictly rigorous
in that the elastic strain increments are not considered within the plastic regime.

As a result of this review, it turns out that there is still not a satisfactory general solution
concerning the obtaining of the ground reaction curve for tunnels excavated in strain-softening
rock masses. This is surely due to the fact of the non-simple definition of the behaviour model,
to the non-existence of closed-form solutions and to the difficulty when dealing with many
parameters. It is the main aim of this paper to deepen the understanding of the solution of this
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Table I. Ground response curve most commonly used solutions.

Behaviour Failure criterion Flow-rule Reference
Elastic perfectly plastic Mohr—Coulomb Associated [3.4]
Non-associated [10. 18]
Hoek-Brown Associated [7]
Non-associated [7]
Elastic perfectly brittle Mohr-Coulomb Associated [3, 23]*‘T
Non-associated [3, 23]3:~§
Hoek-Brown Associated [19-211"
Non-associated [21]
Strain softening Mohr-Coulomb Associated [1op
Non-associated [3]*
Hoek—Brown Associated [22]7;TL
Non-associated [24]+i

*Residual cohesion and friction different from peak ones.
Null residual cohesion, residual friction different from peak one.
Residual cohesion and friction different from peak ones.
YNull residual cohesion. residual friction different from peak one.
“Non-linear Fairhurst failure criterion.
INull peak and residual friction, or Tresca failure criterion.
*Equal peak and residual friction and null residual cohesion, numerical solution.
‘+Numerica] solution.
+FEM-based solution of a particular case.

problem, by adequately defining a rock mass-oriented strain-softening behaviour and by
numerically solving this problem for some relevant cases.

2. STRAIN-SOFTENING BEHAVIOUR

Under this title a rock mass oriented strain-softening behaviour model is presented. This study is
founded in the incremental theory of plasticity [25-28], developed in order to model the process
of plastic deformation. According to this theory, a material is characterized by a failure criterion
/., and a plastic potential, g. One of the main features of this behaviour model is that the failure
criterion and the plastic potential do not only depend on the stress tensor ;;, but also on the so-
called plastic or softening parameter 7. Then, the behaviour model is plastic strain dependent.

2.1. Failure criterion
The failure criterion is defined as follows:
f(ai,m) =0 (D

The strain-softening behaviour is characterized by a gradual transition from a peak failure
criterion to a residual one. This transition is governed by the softening parameter #. In this
model, the transition is defined in such a way that the elastic regime exists while the softening
parameter is null, the softening regime occurs whenever 0 <y <#*, and the residual state takes

Copyright .© 2003 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2003; 27:1153-1185
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Figure 2. Stress-strain curve of an unconfined test performed on a sample of a strain-softening material.

place when 1 >#*, being defined #* as the value of the softening parameter controlling the
transition between the softening and residual stages.

Figure 2 illustrates this type of strain-softening behaviour for an unconfined compressive test.
The slope of the softening stage or drop modulus is denoted by M. If this drop modulus tends to
infinity, the perfectly brittle behaviour appears, and if it tends to zero, the perfectly plastic
behaviour is obtained. It is clear then that the perfectly brittle or elastic-brittle—plastic and the
perfectly plastic behaviour models are limiting cases of this strain-softening model, which can be
considered as the most general case.

The behaviour illustrated in Figure 2 serves as a first approach to model the stress—strain
behaviour observed in tested rock samples and rock masses. As previously discussed. the actual
existence of this type of behaviour is still a controversial topic. But it certainly seems that it is
able to represent the macroscopic results commonly observed in practice, even if it is not able to
simulate the very complex microscopic phenomena—micro-fracture initiation, propagation and
coalescence, damage—which involve the actual processes of rock deformation and failure. Even
though the proposed strain-softening behaviour model might not exactly represent the actual
rock behaviour, it has been one of the aims of this paper to prepare a numerical basis where
further changes could be included, such as stress-dependent elastic modulus or dilation, in order
to progressively improve the modelling technique.

2.2. Plastic potential

The constitutive equation of a strain-softening material can be obtained according to the
incremental theory of plasticity. The plastic strain increments can be obtained from the plastic
potential:

g(oij,n) (2)

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2003; 27:1153-1185
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according to

- dg
-p _ k)
& =4

S (3)
where / is a plastic multiplier and it is unknown. Equation (3) is the constitutive equation of the
plastic regime and it is usually called flow rule. If the plastic potential coincides with the failure
criterion, then it is called associated flow rule, and if it is not the case. it is called non-associated
flow rule. This rule marks the direction of the plastic strain increments. Incremental plasticity
involves the consideration of a fictitious ‘time’ variable, even if it does not have physical
meaning. This variable controls the evolution of plasticity. This “time’ variable called t, controls
the plastic strain increments in the following manner:

o Oep
The final constitutive equation of the plastic regime according to Hill [26] is
. 1> ([ oy of ¢ .
Oij = [C?j/cl - J2i aam” Csm[j 50‘;:; rskl ekl (5)

Where (1) stands for 0 or 1, depending on whether the increment is purely elastic (1 = 0) or also
contains plastic terms (1 > 0). / is the plastic modulus and it can be subdivided into two, in such
a way that H = Hy + H,; where Hy coincides with the plastic modulus of the perfectly plastic
behaviour and A, is known as the hardening/softening modulus.

af odg of
HO = ?.' =, H - = (6)
K oa,; Aoy ! on
Equation (5) is a relation of the type 6;; = Cf}’k,ém. This expression stands whenever Cfﬁd can be
written as

1y g .. Of
Ci = ki i %o Clonij p it = Cl +Cly (7)
mn rs

where C7;, 1s a symmetric matrix (CHy = Chyyy) and C'fj'.;d 1s not generally a symmetric matrix,
but it is in the case of associated flow rule. which involves that 8//ds,; = dg/d0;; and therefore
Cep o Cep

gkl = & ktij
2.3. Softening parameter

If a strain-softening behaviour model as the one defined is considered, the softening parameter 5
controls the strength capacity between the peak and the residual failure criteria. Hence, a value
of this parameter equal to n* produces the transition between the softening and residual regimes.
This parameter 5 can be defined in different ways, but so far there has not been a wide support
among researchers for any of its possible forms. There are two different common ways of
defining this parameter. First [29] it is defined as a function of internal variables, whereas
according to the second method [30] it is defined in an incremental way. In the former case,
based on internal variables, the most utilized plastic parameter is that obtained as the difference
between the major and minor principal plastic strains, which reflects the plastic shear strain:

n=7y"=¢ —& (8)

This plastic parameter will be chosen for the development of the studies presented in this paper.
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For the latter, we can find in literature incremental softening parameters 7 [30] depending on
plastic strain increments, being the most common defined as

Ay PP L P b
=3, = V3D + 82 2 ©)
Code FLAC-2D, which will be used later in this study, implements an incremental plastic
parameter e” of the second type, whose incremental form is [31]:

A = {3(Aef = A + 3 (AR + LA — Asfy} (10)

m

where, Ael® = 1 (Ael® + Ael’) and A&l j = 1,2,3 are the principal increments of the shear plastic
strain. This incremental plastic parameter can be, however, related to the more standard yP or
plastic shear strain. If an elasto-plastic strain-softening material with constant dilation angle
is considered, characterized by a plastic potential g = ¢ — Kyo3, where Ky = (1 + siny)/

(1 —siny), then the following relationship between yP and ng, ac can be deduced:

3 ~
nFLAcz\/T—,/IJrK.erKJI;_K (11)

The reader can check how for null dilation, as proposed by some authors [11] for particular rock
masses, it occurs that ng zc = yP/2. Figure 3 illustrates the relationship of Equation (11) for
two different dilation angle values. It can be observed that even for high dilation angle values,
the final relationship between plastic parameters is quite close to that of null dilation.

Some authors [32] think that the softening parameter should be attached to the type of test
more than to the material itself. Others think that it marks quite definitely the post-failure
behaviour of materials. For instance Pethukov and Linkov [33] think that this parameter may
control the ability of rock bursting of pillars. Studying data from different authors [11, 29, 34]
concerning rock masses, in situ and numerical data of coal pillars and tests on different size coal

0.6 T T T

0} y=30°

“FLAC

P

Figure 3. Relationship between FLACs softening parameter and ;P = ¢} — &} for constant dilation.
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samples, it seems that the critical value of the softening parameter y? may vary between 0.01 and
0.001—1 and 0.1%.

3. PROBLEM FORMULATION

The so-called rock-support interaction analysis [1, 3,4, 10, 19, 20] is based on the calculation of
the ground reaction curve and the support characteristic line. It studies the radial displacements
in the excavation wall and the extent of the plastic zone around it by means of solving a
sequence of 2D problems corresponding to decreasing pressures—from the field stress to
zero—on the excavation boundary. From a computational point of view the solution of this
sequence of problems is much less time consuming than the corresponding 3D solution, offering
a simple and rather useful technique for tunnel design.

In order to solve this problem a number of simplifying assumptions have to be made due to
the large number of factors that should be taken into account. In this study the classical basic
hypotheses 3,4, 10, 19, 20] are made.

The formulation of this problem is firstly based on the equilibrium equation. In plane-strain
conditions and taking into account radial symmetry it can be written in cylindrical co-ordinates
as follows:

oo, o0,—a
s =0 (12)
o - r
The following equation that has to be applied is that of persistence—also called active plasticity
condition—which implies that, once attained the plastic state, the material should keep on the
failure criterion function. This means that the point of co-ordinates (r,t + At) always satisfies

the failure criterion. So / = 0, and for the previously presented behaviour model:

of o, 2f doy o _
oo, &t Ooy Ot  On Ot

Finally the flow rule is considered (3). This law governs the behaviour of the material in the
plastic state, in such a way that the rates of the plastic strain can be derived from Equation (3),
once the plastic potential is defined. For the case of a circular excavation, the principal strains
are the hoop and radial strains and the hoop and radial strain rates are:

(13)

Oe, . Oey
g = —, &g = — 14
¢ ot 0 ot (14)
The strain—displacement equations in the case of plane-strain and radial symmetry are:
By = - (15a)
r
ov
Gy = — 15b
¢ or (15b)
ou,
. = 15
v pe (15¢)

Eliminating the plastic multiplier from the flow rule (3) and formulae (14), breaking down the
strain rates in their elastic and plastic parts and introducing (15c), the constitutive equation of
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the plastic state is obtained as

ov, v, 1 .
A Y = 46, — A5G
o 15 = gy — Asd]

(16)

-1
Ay = % (ﬁg—> , Ay=1+4+v4d,—=1), A;=A4(1 —v)+v
0o, \ 0oy
Equations (12), (13), (15c) and (16) form the system of partial differential equations to be solved.
The solution should provide the values of the hoop and radial stresses and the radial
displacements. It is important to highlight that the displacements and stresses depend on two
factors: on a physical variable », which is the distance to the centre of the excavation, and on a
fictitious ‘time’ variable 7, which is a measurement of the plasticity evolution. The
aforementioned radial displacement and radial and hoop stress are then written u.(r,7),
a.(r,7) and ay(r, 1), respectively.
The boundary conditions associated to this problem are:

limr-—»—i—oo o(r,t) = limr—»+oo oo(r, T) = o°

(17)
o/(R,T) = pi

where R represents the tunnel radius, p; the pressure on the excavation wall and ¢" the field
stress. Since the radial stress and the radial strain rate are generally continuous, they can be
computed in the elastic region, and then, they can be used to integrate the equations in the
plastic side of the interface.

For the particular case of elastic-brittle behaviour, characterized by a sudden loss of strength
once attained the elastic limit [35], the boundary condition concerning strain rate should
be carefully studied due to the fact that a velocity jump takes place in the elasto-plastic
interface [10].

Replacing the asymptotic boundary conditions by the elasto-plastic interface conditions, the
reformulated boundary conditions stand:

0.(Rp, 1) = pf

G()(Rpa T) = 20" — pi* (18)
O'O _ p*

iRy ) = T LR,

where p* represents radial stress at the elasto-plastic interface, obtained from the intersection of
the elastic solution with the failure criterion (as Figure 4 illustrates), R, is the radius of the
plastic zone and G is the shear modulus of the material.

The system of equations is going to be solved from r = R, up to R¥, in such a way that:

n(Ry) = n* (19)

Starting from this value, the transition to the residual state takes place, and the equations are
solved for i = n* (taking as conditions the values obtained for » = Rf when solving the softening
regime). The residual zone is solved up to r = R, where it should be imposed that 0.(R) = p;. The
solution of the residual regime is meaningful whenever a,(R;‘) > pi, otherwise there would only
be a softening regime zone (Figure 4). The transition from the softening to the residual regime
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Figure 4. Ground reaction curve—left hand side and stress path of the unloading process (ABC D)—right
hand side. The general strain-softening behaviour case is presented, which includes not only a softening
zone (BC) but also the development of a residual zone (CD).
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Figure 5. Evolution of the plastic zone within the fictitious time also denoted variable t.

takes place for a value of the internal pressure p, which can be obtained as the intersection of
the softening solution and the residual failure criterion.

The fictitious time variable controls the evolution of the plastic zone (see Figure 5). It does so
in such a way that solutions should be imposed to start from the elastic regime—for an internal
pressure equal to the field stress, associated to a fictitious time t;. Then, they continue being
elastic for an internal pressure smaller than the field stress for 7,, until the first yield appears for
a critical value of the internal pressure pi* for 3. The extent of the plastic zone will increase as
far as the internal pressure is reduced up to zero and fictitious time elapses.

The problem to be solved is then formulated by the system of partial differential equations
((12), (13), (15c) and (16)) together with the boundary conditions (18). A free boundary problem
has to be solved, since the radius of the plastic zone is unknown.

A quite ‘obvious’ choice for the fictitious time variable is 1 = ¢” — p;. Note that it would have
been possible to take a variable with spatial dimension as the fictitious time one, since its
corresponding dimensions would have been absorbed in the plastic multiplier. In this case. the
system of partial differential equations (12), (13). (15¢) and (16) must be solved with the
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boundary conditions (17b) and (18), together with an additional condition on v, obtained
through the matching with the Lamé’s solution. In order to compute the ground response curve
according to this choice of the fictitious time variable, an initial value problem must be solved.

This problem has a fixed boundary at » = R and a free boundary at » = R,,. It should be
remarked that the value of the plastic radius for each ‘time’, i.e. the value of R, for cach p;, is not
known explicitly; rather, the set of conditions imposed at this boundary will determine the
location of a point, » = R, satistying every condition. This kind of formulation is quite similar
to that employed when the ground response curve is obtained through the resolution of a
sequence of two-dimensional elasto-plastic boundary value problems with decreasing values of
the pressure p; on the excavation wall. In fact, the only differences between both problems
consist in the use of the symmetry to reduce the dimensionality of the problem. and the
replacement of the boundary conditions simulating the field stresses ‘at infinity’ by the boundary
conditions at the elasto-plastic interface.

A second choice for the fictitious time variable is t = R,,. This choice could appear as a less
obvious one but, as it will be shown in the next section, it allows reaching a very simple
formulation of the problem in order to obtain a certain kind of solutions.

The fact of choosing the radius of the elasto-plastic boundary as the fictitious time variable
implies that there is no boundary condition associated to the wall of the tunnel since the internal
pressure corresponding to every position of the plastic boundary is a priori unknown. At the
same time the boundary conditions associated to this elasto-plastic boundary are imposed over
a moving free boundary as shown in Equation (18).

4. SOLUTION OF THE PROBLEM BASED ON SELF-SIMILARITY

In order to solve the problem formulated in the previous section, involving the search of radial
symmetric solutions, the system of partial differential equations (12), (13), (15¢) and (16) has to
be solved. The independent variables in these equations are the radial co-ordinate and a
fictitious time variable, which has been selected as the radius of the elasto-plastic boundary.

In this section, it will be shown how a family of self-similar solutions of the system of partial
differential equations can be obtained. The construction of self-similar solutions relies on the
hypothesis that conveniently re-scaled solutions keeps the same form as far as the fictitious time
variable evolves, i.e. to say, as far as the size of the plastic zone increases with the unloading of
the internal pressure on the tunnel wall [10, 36]. This reduces the system of partial differential
equations into a system of ordinary differential equations in terms of the variable associated to
the re-scaling. On the other hand, it is also convenient that the solution’s re-scaling changes the
moving boundary associated to the elasto-plastic interface into a fixed boundary.

The search of self-similar solutions for this equation system stems from the hypothesis that
there exist solutions of this kind. Later it will be analysed whether this is true or not, in order to
demonstrate that it actually takes place in this way.

Once scaled the radial co-ordinate according to the change of variable p = r/1, and also re-
scaled the radial displacements with the plastic radius R, the self-similarity hypothesis [37]
assumes that the solutions of the radial displacement field and of the stress field do not depend
on the plastic radius. This means that the obtained solutions are the stationary ones of the
evolution problem in the fictitious time variable. More precisely, it is supposed that a solution.
the so-called self-similar solution. of the problem formed by (12), (13), (15¢) and (16) exists in
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such a way that the functions:

1
0’,-(,0T, T), (70(,07» T)a ; Ll)‘(pfa t) (20)

do not depend on the variable .
As a whole, it is assumed that as the plastic process evolves, i.e. as the excavation front moves

away form the plane of the analysis, and the internal pressure introduced by the convergence-
confinement methodology decreases, the strain and stress distributions in the plastic zone keep
the same values, when the phenomenon is observed in an appropriate spatial scale.

Taking the above into account, the following functions can be defined:

) 2661 |
u-(p) = m; u(pt, 1) (21)
N o pt.T ,
) = 22 (22)
. oo(pt, T
Golp) = 20 (23)

It can be seen that, according to the self-similarity hypothesis, these functions only depend on
the re-scaled radial variable p. And it can be concluded, as demonstrated in Appendix A, that
functions (21)+(23) must be solutions of the system of ordinary differential equations:

rdLNI,-_ 5 7
I 0 o e | [ 0"
X N By | I
B, N L dv, e N
E Bg Bl dp ZG/)'
N G- Gy (24)
0 0 ! 0 do, ot
— pp
0 1 v | I —v dp 11 11
R A I s
4 | L Ap? Ap

where the first differential equation defines 7,, and the coefficients of the equation system appear
in Appendix A.

Note that all these coefficients depend on a softening parameter , and that these coefficients
will be frequently given by different formulae in the ‘softening’ region and the ‘residual’ one.
Remark that the transition between both regimes is detected by the softening parameter.
However particular form does the softening parameter take, see Section 2.3, it depends on the
‘state’ variables o,, 7y, &, &, ¢P and sg‘ So. in order to solve the described initial value problem,
the computation of this parameter must simultaneously be accomplished.

The initial value problem associated with this system of ordinary differential equations has to
be solved according to the initial conditions imposed by the Lamé’s solution in the elastic—
plastic interface. These initial conditions are actuaily final conditions due to the fact that the
problem must be solved for values of p in an interval [p,,, 1], corresponding to the plastic
zone—given in physical co-ordinates by [R <r<R,]—where p,, is unknown at this stage (see
below how to stop the integration of the initial value problem in order to complete the
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computation of the ground response curve):

G (1) =¢6" — 1

Go(l) = 6% + 1

(1) =1 (25)
da, .. .

0 (1) =79.(1) = -1

The regularity of the coefficient matrix of this differential equation system and thus, the
solvability of the initial value problem is ensured whenever the selected failure criterion and
plastic potential fulfill the following condition, see Section 2.2:

Ho+H, >0 (26)

For very small values of this addition, the solutions of the initial value problem contain a
narrow boundary layer around the initial condition. This condition is associated to the rapid
transition from the elastic regime—corresponding to the initial condition—to the residual
regime, through the softening zone. In the extreme case, represented by the condition Hy + H, =
0, an elastic-brittle material is represented, where a discontinuity in the displacement
derivative—associated to the strain discontinuity—takes place [10].

Hence, once condition (26) is satisfied—for failure criteria and flow rules described by regular
functions, the existence of solutions for the initial value problem associated to the construction
of self-similar solutions is assured. Nevertheless. the uniqueness of the solution is not
guaranteed for 2D boundary value problems associated with strain calculations around
excavations in materials, which exhibit softening or non-associated flow rules; since. for this
kind of materials, uniqueness sufficient conditions are not met [38, 32]. It is then possible for the
sequence of boundary value problems to present bifurcation phenomena within the unloading
process. In this case, there will appear additional solutions of the 2D boundary value problem
lacking radial symmetry. At the same time, neither can localization phenomena be excluded in
the bifurcated solutions.

In such cases, the self-similar solution here presented corresponds to the fundamental
“branch’ of solutions, starting from which, bifurcation may take place producing non-symmetric
solutions of the two-dimensional problem. Remark that if the boundary value problem has a
unique solution, this solution must be radial-symmetric. With the loss of uniqueness, the radial-
symmetric solution will also lose stability, which will be transferred to the bifurcated solutions
(in practice, the existence of imperfections will select just one of these solutions). This implies
that, after bifurcation takes place, the physically observed solution will no longer be the
symmetric one.

Against this background. self-similar solutions are interesting in two ways. First, as they
correspond to the fundamental “branch’ of solutions, the critical load pressure, i.e. the internal
pressure for which bifurcation takes place, can be computed using self-similar solutions.
Secondly, which is more important from the practical point of view, displacement values given
by the ground response curve computed for self-similar solutions seem to agree quite well with
mean values obtained for the bifurcated solutions in the 2D boundary value problem [39]. In
this way, self-similar solutions provide the most significant information searched by the
convergence-confinement methodology in order to compute ground response curves.
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Starting from the solution of the initial value problem, the complete solution of the ground
reaction curve or convergence—confinement curve—the radial displacement values in the
excavation boundary related to every value of internal pressure—can be easily obtained.
Certainly, for every value of p smaller than unity, the pair of values [ii.(p). 6,(p)] corresponds to
one point in the ground reaction curve. This is due to the fact that the value i,(p) gives the radial
displacement in the tunnel wall for an internal pressure given by the value 6,(p). Hence, in
practice. in order to obtain the full ground reaction curve, it suffices with calculating the
described initial value problem from p = 1, until the value of p, which makes the radial stress
null.

The derived initial value problem does not generally have an analytical solution—except for
very simple cases such as that of the Tresca failure criterion, for which the presented equations
become much simpler [10], so it should be solved by means of numerical integration. In what
follows, the integration process is carried out according to the Runge-Kutta—Fehlberg method
proposed by Dormand and Price [40]. This technique combines methods of fourth- and fifth-
order for the integration step adaptation and it is programmed in the MATLAB environment
under the function named ‘ode45’. The fact of working in this environment makes it easier to
run multiple parameter problems. It also facilitates the presentation of data. :

At this stage it should be emphasized the remarkable difference on the computational cost
between the alternative presented to obtain the ground reaction curve—integration of one initial
value problem—and the other one of solving a set of two-dimensional problems. In general
terms, the time needed to solve the problem according to the presented methodology is just a
few seconds, whereas the time needed to solve the same case by means of FDM-based code
FLAC-2D varies from some minutes to few hours depending on the level of mesh refinement. In
Section 5.1.2, the exact computational cost corresponding to a particular case is provided.

5. ANALYSIS OF SOME EXAMPLES

5.1. Self-similar solution for Mohr—Coulomb criteria and simple hypothesis

In order to obtain the self-similar solution, a system of ordinary differential equations has been
derived supposing: (i) yield criterion, (ii) plastic potential, (iii) piecewise linear functions of
materials and (iv) plastic parameter. A special case is presented with the following conditions:
(1) Mohr—Coulomb yield criterion:
flon,a,0) = 09— Ky(n)o, — 2C(n)\/ K, (17) (27)
(i1) Plastic potential:

g(O'(), O, ’1) =09 — K(ﬂ)O’,« (28)
where K(n) is known as the dilation coefficient, having the same form as the passive reaction
coefficient, but replacing the friction function by the dilation one:

_ LA siny(n) (29)
1 — sin y(n)
(i) Two-segment piecewise linear functions of plastic parameter for cohesion C(y), friction
¢(n) and dilation () being, ¢P, CP and P the peak parameters and ¢", C" and ¥ the residual

K(n)
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ones [41]. The elastic regime is characterized by shear modulus G and Poisson’s ratio v. The
plastic one is characterized by friction, cohesion and dilation functions as follows:

p_ r
b(n) ¢p_¢n—*¢m 0<n<in*
}’, ey
¢, n=n*
CP - C"
o CP-————}?* n, 0<n<np* 30)
}/’ ey
\Cr’ ’7217*
P __ T
won) v osrer
n) =
Y, n=n*

(iv) The plastic parameter used is the plastic shear strain:
n=17P=¢) — ¢ (1)

Taking into account that plastic strains can be obtained from total and elastic strains, the
variable changes proposed and the self-similar hypothesis, an expression for the plastic
parameter can be obtained in self-similar form as follows:

o — prip) o - prdi(p) o*—pf . o' —pF.
4 (P) . Pi (,0) _ P O-()(p) -+ —?—ﬁ-O',(p) (3?)

P == 26 dp 26 26 -

0

Once defined all these functions, the corresponding coefficients of the system of differential
ordinary equations are obtained and presented in Appendix B.
The system of equations can be written in matrix form as follows:

_dy - ;
M(p,y)é = D(p, ) (33)

where M is the matrix of the coefficients of the system of equations whose resolution will yield
vector v = (i#,(p), V.(p), 6o(p), 6,(p)), which includes radial displacements, displacement velo-
cities and hoop and radial stresses around the excavation.

5.1.1. Tresca failure criterion. As shown in Table I, the only analytical solution concerning
strain-softening behaviour is obtained supposing Tresca yield criterion [10], so a comparison
between both self-similar and analytical solutions has been made. In Figures 6 and 7, the ground
reaction curves and evolution of plastic radii (softening and residual ones) with internal pressure
are shown for both solutions. As it can be observed the self-similar solution accurately
recuperates the analytical one [10]. In these figures, R, and R: represent the extent of the
softening and residual plastic zones, respectively.

The elasto-plastic softening behaviour with Tresca yield criterion is a specific case, since some
terms of the coefficients of the system of equations are null. Then it would be more appropriate
to compare a self-similar solution with the numerical solution by means of code FLAC-2D [31]
for a more general case (Mohr—Coulomb yield criterion).
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Figure 6. Ground reaction curve. Strain-softening behaviour and Tresca yield criterion.
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Figure 7. Evolution of plastic radii with internal pressure. Strain-softening behaviour
and Tresca yield criterion.
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cont
......

Figure 8. Obtaining residual values for the Mohr—Coulomb criterion using § model.

5.1.2. Mohr—Coulomb failure criterion. In order to reduce the number of variables a new
parameter £ is defined, in such a way that for a Mohr-Coulomb failure criterion, the residual
parameters can be obtained starting from the peak ones as follows:

C'=(1-pC? tg¢"=(—-p)tge® (34)

This allows eliminating a material parameter and it seems a reasonable proposition from
analysis of References [11,23,42,43]. See Figure 8.

The parameter 5, which will be referred to as the strength loss parameter, quantifies the jump
of strength from the peak or intact condition to the residual condition [44]. *f3’ falls by definition
within 0 and 1. If it is O it implies no loss of strength, so the perfectly plastic behaviour model is
retrieved, whereas if it is 1, the material losses all its strength after failure. The use of this f
parameter is based on the assumption that after the peak strength of the material is exceeded,
the material losses cohesive and frictional strength in similar proportion. This approach, which
does not necessarily suits all rock masses, is done in order to simplify the outputs of the
presented examples.

Figures 9 and 10 show a comparison between the self-similar solution and numerical two-
dimensional solution by means of FLAC-2D [31]. As it can be seen, the self-similar solution
adjusts to the numerical one, although some differences can be appreciated. never being larger
than 10%. It has to be taken into account that two numerical solutions are being compared: the
first one is one-dimensional, and the second one two-dimensional. The reason for the differences
observed is probably due to the spatial discretization made by code FLAC-2D. The plastic
parameters used in the simulations are equivalent, because in case of constant dilation, as shown
previously in Section 2.4, there is a relation between FLAC-2D plastic parameter and the
principal plastic strains difference used to build the self-similar solution.

In order to remark the differences on the computational cost between both methods, the time
needed to perform the corresponding calculations for this Mohr—Coulomb case by means of a
Pentium III (128 MB RAM) computer was measured. Having done so, the time required to
solve the self-similar problem in MATLAB 6.0 was 4.07 s. The time required for obtaining the
complete ground reaction curve with code FLAC-2D with a 900-zone mesh was 7 min and 54 s,
whereas with a 3600-zone mesh was 148 min. In this last case bifurcation was observed.

5.1.2.1. Parametric analysis. As it has been observed, the proposed methodology obtains the
ground reaction curve, which can be also calculated by means of standard FDM or FEM-based

Copyright G 2003 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2003; 27:1153-1185



1170 E. ALONSO ET AL.

—— Self-similar solution
* FLAC numerical solution
0.5F
0
¢ =20 MPa
0.4 oP=30°
C"=1 MPa
B=0.3
% R=3m
E- 0.3F \Vp=\VI=q)p/8
. G=4000 MPa
v=0.25
*8e.3
0.2 K
0.1F
0 1 1 L * J
0 5 10 15 20 25 30 35 40 45

u/R 2G/(c"- p)

Figure 9. Ground reaction curve. Self-similar and FLACs comparison solution. Strain-softening
behaviour and Mohr—Coulomb yield criterion.
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Figure 10. Evolution of plastic radii. Self-similar and FLACs comparison solution. Strain-softening
behaviour and Mohr-Coulomb yield criterion.
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Figure 11. Influence of most significant parameters in final radial displacement. Strain-softening behaviour
and Mohr—Coulomb yield criterion.

codes. One of its main advantages is that it does so more efficiently than these codes, which
permits performing parametric studies more rapidly. Parametric studies are usually very
recommendable in a discipline like geomechanics where a certain deal of uncertainty is always
expected. This kind of analysis is very helpful in order to conveniently control uncertainty
throughout the design and construction process.

As an illustrative example, a parametric study of a tunnel excavated in an average quality
rock mass is performed in what follows. A 3 m radius tunnel is drilled in a softening
material—subject to an isotropic stress field of ¢° = 20 MPa—with elastic parameters G =
4000 MPa and v = 0.25. Peak cohesion is 1 MPa and peak friction is 30°, whereas the strength
loss parameter f equals 0.3. The peak dilation angle is 10° while the residual one 1s 5°. The value
of the softening parameter that indicates the transition to the residual regime is chosen to be
n* = 0.008.

The model is run in MATLAB and a subroutine is programmed to vary every single input
parameter from 50 to 150% of its initial value in such a way that spider diagrams—relating any
output parameter with the different varying values of every input parameter—can be easily
obtained. As an example, Figure 11 illustrate the parametric study concerning the final
displacement value on the tunnel wall, showing the relative significance of the most significant
input data on this final output. For this particular case, the strength loss parameter and the peak
failure criterion input values seem to control the final displacements results. Gumusoglu et al.
[24] report analogous results in a similar analysis performed by means of a FEM-based code.

According to the presented method not only the final displacement value, computed in the
spider diagram, can be easily analysed, but also the full GRC corresponding to different values
of the different input parameters. In this way, Figures 12-15 show different GRC obtained by
varying the most significant parameters. These results, which can be very useful from a practical
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Figure 12. Influence of peak cohesion in GRC. Strain-softening behaviour
and Mohr-Coulomb vyield criterion.
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Figure 13. Influence of peak dilation angle in GRC. Strain-softening behaviour
and Mohr—Coulomb yield criterion.
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Figure 14. Influence of f parameter in GRC. Strain-softening behaviour
and Mohr—Coulomb yield criterion.
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Figure 15. Influence of peak friction angle in GRC. Strain-softening behaviour
and Mohr—Coulomb yield criterion.
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design scope, are obtained with MATLAB in a fast and easy way, whereas to obtain the same
information by means of a standard numerical code, i.e. FLAC-2D. would have taken much longer.

5.1.2.2. Graphic representation considering strain-softening behaviour and Mohr—Coulomb vield
criterion. A self-similar solution has been obtained for the case of strain-softening behaviour
solving a system of ordinary differential equations. It is useful to obtain a simple chart, which is
able to represent a determined range of rock masses under a range of far-field stresses [10]. The
self-similar solution gives values of radial displacement, hoop and radial stresses and softening
and residual plastic radii as functions of the variable p. Thus, taking advantage of the efficiency
of the method, the main results for varying input parameters can be plotted in a compact form.

The number of parameters controlling the tunnel behaviour—once reduced the number of
variables by means of the corresponding simplifications—are seven: Poisson’s ratio v, peak
friction ¢”, peak cohesion CP, f3, field stress ¢°, dilation (also considered constant y” = ") and
n*. The shear modulus G and the radius of the excavation R are normalized. In order to plot the
ground reaction curve, only two parameters can be varied, leaving the other five constant. In
order to build the charts, peak cohesion, peak friction, dilation, f and the Poisson’s ratio have
been left constant and far field stress and »* are assigned a wide range of values.

In what concerns the far-field stress, an initial value of 0.5 times the unconfined strength of the
rock mass and a final value of 10 times the unconfined strength of the rock mass have been
considered. When the far field stress is too high, an upper limit of 30 MPa is considered.

As an example, charts for rock masses with CP = 1 MPa, ¢ = 30°, f = 0.5, yP = " = 3.75°
and v = 0.25 are presented in Figures 16-19.

Elastic-brittle solution

p)

u /R 2G/(c"-

T
S

Figure 16. Final radial displacement. Strain-softening behaviour and Mohr—Coulomb yield criterion.
¢ =30°, P =" = ¢P/8, CP =1 MPa, v = 0.25, § = 0.3.
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Figure 17. Final softening plastic radius. Strain-softening behaviour and Mohr-Coulomb yield criterion.
¢P =30° yYP =y = ¢P/8, CP = 1 MPa, v = 0.25, f =0.3.
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Figure 18. Final residual plastic radius. Strain-softening behaviour and Mohr-Coulomb yield criterion.
PP =30°, YyP =y" = ¢P/8, CP =1 MPa, v = 0.25. f = 0.3.
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Figure 19. Ground reaction curves for ¢° = 15 MPa. Strain-softening behaviour and Mohr-Coulomb
yield criterion. ¢P = 30°, Y? = ' = ¢P/8, CP =1 MPa, v = 0.25, f = 0.3.

In Figure 16 the final radial displacement is presented (being g, the peak rock mass strength)
for different values of field stress and Gn*. Also the elastic brittle [10] solution is presented, and it
can be considered as a limit of the elasto-plastic softening behaviour. The solution for perfect
elasto-plastic behaviour would be found for very high values of Gy™*.

This kind of charts (Figure 16) has the advantage that they also indicate the final state of the
excavation wall. In this way, if the final displacement lies in a dashed line, it indicates that only
the softening state has developed, whereas if in a solid line, the residual state has been reached.

In Figure 17, the plastic softening radius is presented for different values of Gn* = const. The
same considerations concerning the achievement of the residual state as indicated above stands
for this graph. The residual plastic radius is illustrated in the third chart (Figure 18).

These charts can be used to obtain information about final radial displacement and plastic
radii. In most cases and when applying the convergence—confinement methodology, the
complete ground-reaction curve is needed. In Figure 19 the ground reaction curves for a specific
far-field stress and a range of values of Gp* = const. are presented.

Complementarily, Alonso [36] presents the charts for 16 average quality rock masses,
including final radial displacement and final plastic radii charts, together with the complete
GRC for different far-field stress. These charts, which can be rapidly obtained, could be of much
help for the tunnel designer.

5.2. Self-similar solution for Hoek—Brown criterion and simple hypothesis

Since the Hoek—Brown failure criterion is widely popular within the geomechanics community,
it has also been implemented within the framework of the general methodology shown here.
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In this case, being the material parameters m(n), s(y) and the intact compressive strength o,
the failure criterion is given by

F(00. 0.1 = 09 — 0, — [/ m(no,ag; + s(m)o? (35)
The Mohr-Coulomb form of the plastic potential is maintained:
g(op,0,,1) = 09 — K(n)a, (36)

The plastic parameter is 7 = y? = ¢ — ¢P and also piecewise linear functions are considered,
where mP and sP are the peak values, and m" and s" the residual ones.

mP — m'

mP ————n, O0<n<n*
m(n) = g
" = 37
I (37)
s(n) = g
st n=n*

The coeflicients of the system of ordinary differential equations are shown in Appendix C. In
Figures 20 and 21, ground reaction curves and evolution of plastic radii are shown.
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Figure 20. Ground reaction curve. Strain-softening behaviour and Hoek-Brown yield criterion.
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Figure 21. Plastic radii of softening and residual zones. Strain-softening behaviour and
Hoek—Brown yield criterion.

6. CONCLUSIONS

The so-called ‘convergence—confinement’ method of interpreting the interaction between ground
and support in tunnels has proved to be a useful tool and has notably contributed to gain insight
into the preliminary support design. Nevertheless, it should always be used within a wider and
more general frame of design and construction ‘design as you go’ philosophy, based on the rapid
decision-making according to the in-place ground control measurements taken. To be able to
obtain more realistic ground reaction curves contributes on one hand to a better knowledge of
the rock masses in the underground works, and on the other hand to design more accurately the
appropriate support or reinforcement.

There exist closed-form solutions for obtaining the ground reaction curves for most cases
concerning perfectly plastic and perfectly brittle materials, but it seems that there are not enough
general solutions in literature concerning strain-softening materials, which even if somewhat
controversial, is a type of behaviour significant and commonly observed in rock masses. Even if
it i1s possible to obtain GRC for tunnels excavated in strain-softening materials by means of
standard FEM or FDM based codes [24, 45], this process tends to be very time-consuming. This
makes very difficult performing parametric analyses and then, much of the enriching generality
inherent to the ‘convergence—confinement’ method is lost.

In order to be able to obtain more efficiently the GRC of circular tunnels excavated in rock
masses exhibiting strain-softening behaviour and subject to isotropic stress fields, a system of
ordinary differential equations has been developed. This system of equations is derived from
the usual partial differential equations system for the radial symmetric solutions through a
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self-similarity hypothesis. A change of variable has allowed transforming the boundary value
problem into an initial value one. This formulation approach has permitted the retrieval of the
solution to the problem in a much easier and efficient way than the two-dimensional numerical
solution of the problem. This has a clear advantage over the two-dimensional numerical
techniques. The final initial boundary problem can be simply numerically solved in order to
obtain the GRC for generic materials in what concerns (i) failure criterion, (ii) plastic potential
or flow rule, (iii) softening parameter and (iv) piecewise material functions. The plastic
parameter is defined to be a function of the principal plastic strains.

The solution methodology has been implemented for some common cases in MATLAB
environment by means of an in-built subroutine, permitting on the one hand to obtain more
rigorous solutions for strain-softening materials, but also to have a more widely usable tool to
mplement different or less-common material models. For instance. it is now being used to
implement a model with confinement stress-dependent dilation, which seems to agree well with some
in situ observations. It is also being used to perform studies on bifurcation and localisation
phenomena in tunnels, since the method can track the so-called fundamental branch of solutions.

In order to show different practical applications of the general methodology. some illustrative
examples have been presented. Firstly, an example of Tresca—frictionless Mohr-Coulomb—
failure criterion with non-associated flow rule is performed and the results agree well with those
obtained using a rigorous closed-form solution [10].

Then, an example of Mohr—Coulomb failure criterion with non-associated flow rule and
piecewise linear functions of intact failure parameters and dilation angle has been solved. In
order to simplify the interpretation of results the so-called f-model [10] has been used. Results
compare well with those obtained by means of a finite difference method based 2D numerical
code [31]. To take advantage of one of the strongest points of the method—short calculation
time—a parametric study has been performed in order to highlight the significance of the
different parameters on the results. The peak or intact strength parameters, together with the so-
called strength drop or *f’ seem to be the most significant for the case analysed. In order to
quantify the influence of the ‘drop modulus’ on results, four types of charts have been
developed, where the final displacement in the tunnel wall, the radii of the softening and residual
zone and the ground reaction curve with changing values of ¢, and Gi* are obtained. These
charts are a good basis to show how the perfectly brittle and perfectly plastic behaviour models
are but limiting cases of the most general strain-softening behaviour model. The Hoek—Brown
failure criterion has also been implemented and an example is presented.

The proposed solution methodology for obtaining the ground reaction curve for tunnels
excavated in materials exhibiting strain-softening provides a general framework to solve these
problems in a more efficient and less time consuming way than with standard 2D numerical
methods. It also permits incorporating new features in this behaviour model, such as
dependencies between parameters, which make this method especially suited to perform further
analyses.
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APPENDIX A: SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS ACCORDING
TO THE SELF-SIMILARITY HYPOTHESIS

This appendix presents the derivation of the system of ordinary differential equations obtained
starting from equilibrium (12), persistence—or active plasticity—(13), radial displacement
velocity (15¢) and flow rule (3) equations, when the self-similarity hypothesis is considered.

If this self-similarity condition:

0 5] 0
ég(u,-(pr, 7)) = pn (o.(p1,7)) = E(Gu(pf, 7)) =0 (A1)

is considered, then, the following relations can be obtained by differentiating equations (21), (22)
and (23):

di(p)  2G  Ooulpt, 1)
dp o — pr or
dftf(p) 2G u(pt, 1)
= T
dp oo — pf or?

(A2)
da.(p) 1 Téar(pr, 7)
dp 09— y2 or

dop(p) 1 - oap(pt, T)
dp oo — prf or

In what follows and for sake of simplicity, the explicit dependence on p, is not provided
whenever there is no possible ambiguity.
In the sequel, the so-called equilibrium equation (12) becomes:

d ~r ~r -G
@ _ _9r= 00 (A3)
dp P
Starting from (4), (15a) and (15b), taking into account that total strain can be subdivided into
the corresponding elastic and plastic parts and introducing the classic expression for the elastic

strain it is possible to conclude:

ap :L(fo—pi* _dzﬁ" 96 0 ddy

P(p7) 272G dp (p)+ (1 —=v) i (p)—v O (p) "
pr oy = S0 | Ldd 1 _y L%y, rdé

&y(r, 1) e [ T dp (p) +—ur(p) + (1 =) 2 dp (p) = v dp (p)

Replacing these expressions (A4) in the following form of the flow rule below—obtained by
elimination of the plastic multiplier:

&y = A(pt, 1)eP (AS)
where coefficient 4 stands for
-1
Fs ) a Fs
A(pr.7) = [09(6 .0y n)] [ g(f 00)}
ao—r' ooy
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The self-similar form of the flow rule is
d*a, 11da, 11 - dé
—l{,_—Tgfl—*‘—.)—;L?r— <l—~v+v>ﬂ+ <‘X:+]-V>do- (A6)
dp= pAdp p*4 A

where coefficient A4 is
. 0
A= |7
0o,
Finally, the persistence equation or plastic activity condition (13) can be written in its self-
similar form as

—1
s\ ~ sk~ ~ a. e\~ s\~ ~
)6, (6° — pF)é,, '7)] [aﬁ‘q“ ((6° = p)éy, (a" — pf )a,-,n)J (A7)

déy 1[ 5dé. 1 By_ 1 Byds, Bsd’a
e B Rt ¥, At Rt AR el (AS)
dp B dp 2G p? 2G p dp  2G dp?
where the presented notation stands as follows:
0 _ %
Ff =7 "5 (A9)

2G

~ @ . W\ o~ N~ ~ a SR\~ s\~ ~
B =—af (6" = PG (6" = PG ) + (6" = p)0s (0 — P16
a0 on

al - I/~lr - dljlr $\ ~ S\~
—7<0'0 & =" — pHGp, (0 — Pi‘)07->

dog\" p’ dp

5 N
) = f( G0, (0" — p)G,77) + ~f((6° — pH)Go, (6° — PG, i)

0o, on

1%, - dil,
a;((fol';, 0 :)(0 — pHéo, (6” —P,)O’;>

By = f <<o — P60, (0° = PG a”('“; ;0 it (a — P60, (0" — p )a,)

- o u, _ du,
B, =—f((0 — G0, (6° — PG, i) 7< 60

,(6° = pHGy, (0° — pi )0,>

Equations (A3), (A6) and (AS8) can then be expressed in matrix form, as shown in Equation (24)
in the main text.

In what concerns the initial conditions required to solve the system by means of the “ode45’
subroutine, the boundary conditions on the elasto-plastic interface presented in Equations (18)
should be considered. First, the elastic solution can be re-written in a self-similar form:

1 . o 1 1 di(p) 1

Gip)=6"——, Gop)=6"+—, dlp)=—, =——

p? p* po dp p°

Then, as the elasto-plastic interface in the self-similar formulation corresponds to p = 1, the
final initial conditions stand:

(A10)

G(=6"—-1, Gph=6"+1, a(l)=1, (1)*17 (1) = -1 (A1)
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In this way the system of ordinary differential equations is formulated according to the
self-similarity hypothesis.

APPENDIX B: COEFFICIENTS FOR THE SET OF ORDINARY DIFFERENTIAL
EQUATIONS FOR MOHR-COULOMB FAILURE CRITERION AND
SIMPLE HYPOTHESES

(a) Softening regime:

Bito) = '_5[24) n*¢ 1;[0(1 fossiribg?ﬁnz {( DI iéj;ﬁJ
+ 2C — K, (7 )} (B1)
B = = 0+ 36 2 G e O
42 Cpn: < m] (B2)
Bi(p) = 2 ¢pn‘* (/,r%(l f";j’;’z)) [(0'0 — M)ep) — J(}%} 29 o G (B3)
Bu(p) = —Bs(p) (B4)
(b) Residual regime:
Bi(p)=1 (B5)
Br(p) = —Kp () (B6)
Bs(p) = Ba(p) = 0 (B7)

APPENDIX C: COEFFICIENTS FOR THE SYSTEM OF ORDINARY DIFFERENTIAL
EQUATIONS FOR HOEK-BROWN CRITERION

(a) Softening regime:

A(p) = ——— Cl1
(p) X0 (Ch)
1 oF
Bi(p)=1- ﬁé_(Xl(p) X(p), X3(p)) (C2)
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L )0 i 1 oF
Brip) = ~1- dllia =+ 2= () () Xa(p)  (C3)
2\/m(ioa(c® = pdp) +say 29N
~ oF
By(p) = 5 (10 Xx(0), Xs(p) (C4)
~ oF
Bi(p) = — 5 (i), (), Xs(p) (CS)
where
d , ds
. (6"~ pHIGp)oss - () + 0% 7 ()
3y 0100 X(0). X)) = = ! L (C6)

2\ /e — PG p)as + (7)o,
P _ gyt P __ o
(6" — PGp)oe et 2

n n (C7)
2\/mie — PG p)oe + S

oF
%(Xl (p), X2(p), X3(p)) =

(b) Residual regime:

BI(P) =1 (C8)
Brp) = —1 - o (C9)
2\ /(e — pdup) + 57
By(p) = Bi(p) =0 (C10)
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